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' Abstract 

' We develop in this paper an improvement of the method given by S. Bobkov and M. Ledoux 

\^ [ in |BL00j . Using the Prekopa-Leindler inequality, we prove a modified logarithmic Sobolev 

04 ' inequality adapted for all measures on K", with a strictly convex and super-linear potential. This 

inequality implies modified logarithmic Sobolev inequality, developed in [GGM05| IGGM07] , for 
^•^ ^ • all uniformly strictly convex potential as well as the Euclidean logarithmic Sobolev inequality. 

, Dans cet article nous amelirons la methode exposee par S. Bobkov et M. Ledoux dans [BLOO| . 

En utilisant I'inegalite de Prekopa-Leindler, nous prouvons unc inegalite de Sobolev logarith- 
mique modifiee, adaptee a toutes les mesures sur R" possedant un potentiel strictement convexe 
et super-lineaire. Cette inegalite implique en particulier une inegalite de Sobolev logarithmique 
modifiee, developpee dans |GGM05l IGGM07| , pour les mesures ayant un potentiel uniformement 
' strictement convexe mais aussi une inegalite de Sobolev logarithmique de type euclidien. 

(N ■ 
O _ 

^ ! 1 Introduction 



> 



Resume 



■ The Prekopa-Leindler inequality is the functional form of Brunn-Minkowski inequality. Let a, b be 
i some positive reals such that a + b = 1, and u, v, w be some non-negative measurable functions on 
P. Assume that, for any x,y (z M", we have 

i u{x)"-v{yf <w{ax + by), 

then 

u{x)dx^ v{x)dx^ < J w{x)dx, (1) 

where dx is the Lebesgue measure on R". If we apply inequality ([T]) to characteristic functions of 
bounded measurable sets A and B in M", we get the multiplicative form of the Brunn-Minkowski 
inequality 

vol{Afvol{Bf < vol{aA + bB), 

where aA + bB = {axA + bxB, xa ^ A,xb ^ B} and vol{A) is the Lebesgue measure of the set A. 
One can see for example two interesting reviews on this topic IGupSOl lMinQll- 



Bobkov and Ledoux in (BLOOj use the Prekopa-Leindler inequality to prove some functional inequal- 
ities like Brascamp-Lieb, Logarithmic Sobolev and Transportation inequalities. 



More precisely, let ip he a C'^ strictly convex function on M" and let 

dii^ix) = e-'P^'^Ux (2) 

be a probability measure on R" (/ e-^(^)(ix = 1). The function 93 is called the potential of the 
measure /i<^. Bobkov and Ledoux obtained in particular the following two results: 

• (Proposition 2.1 of |BL00j ) Brascamp-Lieb inequality: assume that is a function on R", 
then for all smooth enough functions g, 



^^^t^^ia) ■= j j gdix^ dfi^ < j V5-Hess((y9) ^Vgdfi^, 



(3) 



where Hess((/9) is the inverse of the Hessian of ip. 



• (Proposition 3.2 of [BLOOj ) Assume that for some c > and p ^ 2, for all t,s > with 
t + s = 1, and for all x,y € R", ip satisfies, as s goes to 0, 

t(f{x) + sip{y) - ip{tx + sy) ^ -{s + o{s))\\x - y\f, (4) 

where ||-|| is the Euclidean norm in R". Then for all smooth enough functions g, 

Ent^Je^) := J enogj^^dfi^ < c J || V^fe^d/i^, (5) 

where 1/p + 1/q = 1. They also give an example: the function <p{x) = \\x\\^ + Z^p (where 
is a normalization constant) which satisfies inequality ^ for some constant c > 0. 

The main result of this paper is to prove an inequality satisfies for any measure /i^ with a potential 
strictly convex and super-linear (we also assume a technical hypothesis satisfied by the potential 
(/?)). More precisely we obtain, for all smooth enough functions g on R"", 

Ent^^(e5) < Ji^- ^9{x) - ^p* {V ip{x)) + {V ^{x) - V g{x))}e3^^U^,^{x), (6) 

where ip* is the Fenchel-Legendre transform of (p, ip*{x) := sup^gjjn {x • z — ip{z)}. 
The main application of this result is to extend the modified logarithmic Sobolev inequalities pre- 
sented in [GGM05] IGGM07] for probability measures on R satisfying a uniform strictly convexity 
condition. It is well known that if the potential ip is on R such that for all a; G R, (p"{x) ^ A > 0, 
then the measure /^^ defined on ([2]) verifies the logarithmic Sobolev inequality introduced by Gross 
in [Gro75| . for all smooth enough functions g, namely 



This result comes from the IJ-criterion of D. Bakry and M. Emery, see |BE85j or [ABC+OOj for 
a review. We then improve the classical logarithmic Sobolev inequality of Gross, in the situation 
where if the potential is even with <p{0) = and satisfies 

Vx € R, 'p" [x) ^ A > and lim (p"{x) = 00. 

\x\^oo 

Adding a technical hypothesis (see Section f3.1|) . we show that for all smooth functions g, 

Ent^Je^) < j Hp{g')e9dfi^, 
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where 



C'ip*{^), if |x|>C 



if |xl < C, 

for some constants C,C' ,X > depending on ip. Remark that we always have 

for some other constant C". This inequahty imphes concentration inequahties which are more 
adapted to the measure studied, as we will see in Section f3.1l 

The next section is divided into two subsections. In the first one we state the main theorem of this ar- 
ticle, inequality ([6]). In the second subsection, we explain how this result improves results of [BLOOj . 
In particular, inequality ([5]) or Brascamp-Lieb inequality ([3]). Section [3] deals with some applications. 
The first one is an improvement of the a classical consequence of the I^-criterion of Bakry-Emery 
for measures on M. We obtain then a global view of modified logarithmic Sobolev inequality for 
log-concave measures as introduced in joint work with A. Guillin and L. Miclo in [GGMOSl IGGMOT] . 
Finally, we explain how the main theorem is equivalent to the Euclidean logarithmic Sobolev in- 
equality. As a consequence, a short proof of the generalization given in [DPD03t IGen03t IAGK04j is 
obtained. 

2 Inequality for log-concave measures 
2.1 The main theorem 

Theorem 2.1 Let if be a strictly convex function on M", such that 

hm # = oo. (7) 

+00 ||x|| 

Denotes by fi^{dx) = e~'^^^^dx a probability measure on M", where dx is the Lebesgue measure 
on M", (J e~'^^^^dx = 1). Assume that /i^ satisfies for any R> 0, 

/"(||z|I + ||yo||+^)^(||V(^(z)||+ sup \\Hess{ip)iy)\\]dfi^{z) <+(x^, (8) 

where yo satisfies ||V(/?(yo)|| ^ + -R- 

// if* is the Fenchel-Legendre transform of (p, (p*{x) := sup^g]jn {x ■ z — ^{z)}, then for all smooth 
enough functions g on M", one gets 

Ent^^(e^^) < j {x- V5(x) - if* {V ip{x)) + {V ^{x) - V g{x))}e3^^^ d^i^{x). (9) 

Lemma 2.2 Let satisfying conditions on Theorem \2. 1\ then we have 

• V93 is a bisection on M" to M" 

• lim||a'||->oo = 
Proof 

<\ Condition ([7|) implies that for all x G M" the supremum of x • 2: — '^{z) for y G M" is reached for 
some y G M"". Then y satisfies x = Vip{y) and it proves that is a surjection. Then the strict 
convexity of if implies that V(/9 is a bijection. 

The function ip is convex then for all x G M", x ■ Vip{x) ^ 'p{x) — ^^(O), ([7]) implies the second 
properties satisfied by (p. > 

The proof of the theorem is based on the following lemma: 
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Lemma 2.3 Let g be a C°° function with a compact support on M". Let s,t ]^ with t + s = l and 
denotes 

Mz G M", gs{z) = sup {g{x) - {tip{x) + sip{y) - ip{tx + sy))). 

z=tx+sy 

Then there exists such that, when s goes to 0, 

g,{z) = g{z) + s{z ■ Vg{z) - ip*{Vip{z)) + ^*(V^{x) - Vg{x))} 

+ ( i\\4 + II2/0II + ^)l|V<p(z)|| + (||z|| + llyoll + Rf sup \\Hess{^){y)\\ ] 0(8^), 
\ y;\\y-z+yo\\<R J 

where yo satisfies ||V99(yo)|| ^ + R and O(s^) is uniform on z G M". 

Proof 

<\ Let s g]0, 1/2[ and x = z/t — {s/t)y, hence 

9siz) = ^fiz) + sup (^5(^1 - - tip(^^ - jy^ - SLp{y) 



Due to the fact that g has a compact support and by property ([7]) there exists ys S such that 
Moreover, ys satisfies 

- - *V</p(| - ^ys) + tVifiys) = 0. (10) 
Lemma 12.21 imphes that there exists a unique solution 7/0 of the equation 

V^(yo) = V(^(z) - Vg{z), yo = (V(^)-\V<^(z) - Vg{z)). (11) 
We prove now that hm^^o Us = Vo- 

First we show that there exists A ^ such that Vs g]0, 1/2[, \\ys\\ < A. Indeed, if the function ys is 
not bounded one can found {sk)k&f>i such that — > and Wys^W ~^ 0*0. Definition of ys imphes that 

Due to the fact that hm||^||^oo (^(x) = 00 and since g is bounded we obtain Skys^ — Next 
using ([To]) one get 

Vs ■ Vg(f - iVs) _ ^ ys-V^il-lys) ^ ^ ys ■ Vifivs) ^ ^ 
WvsW WvsW WvsW 

The last equality is an contradiction with the second assertion of Lemma 12.21 which prove that the 
(ys)s6]o,i/2[ is bounded. 

Let y an accumulation point of the function ys, when s tends to 0. Then y satisfies equation (|11|) . 
By unicity of the solution of (jlip we get y = y^. Therefore we have proved that lim^^ol/s = yo- 

Taylor formula gives 
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and the same for g. Using the continuity of at s = 0, ones gets 
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t t 


sup 


te[o,i/2] 



and the same for g 



+ [{z -yo) ■ V(/?(z) + sup 
V ie[o,i/2] 



9[-^ - jVsj = 9{z) + s{z - yo) ■ Vg{z)+ 

(z - yo) ■ Vg{z) + sup 
V te[o,i/2] 

As a consequence, 
9s{z) = g{z) + s{ip{z) - ip{yo) + {z- yo) ■ {^g{z) - V(/?(z))} 



+ (z - yo) • i^giz) - Vifiz)) + sup 
V te[o,i/2] 



Hess((/9) 



z _ys 
t t 



\0{s' 



z _yt 


2 


t t 


sup 


tG[0,l/2] 



Hess(5) 



z _ys 
t t 



\Ois'). 



z yt_ 


2 


t t 


sup 


te[o,i/2] 



Hess(93 + g) 



^ _ys 

t t 



\0{s' 



The function g is C°° with a compact support then one obtains using (llip and the expression of the 
Fenchel-Legendre transformation for a strictly convex function 



Vx € 



^*{\/ip{z)) = V^{z)-z-^{z), 



we get the result. \> 



We are now ready to deduce our main result: 
Proof of Theorem \2j\ 

< The proof is based on the proof of Theorem 3.2 of [BLOOj . First we prove inequality ([9]) for all 
functions g, C°° with compact support on M". 
Let i, s ^ with t + s = 1 and denote for z G M", 

gt{z)= sup {g{x) - {tip{x) + sip{y) - Lp{tx + sy))). 

z=tx+sy 

We apply Prekopa-Leindler inequality to the functions 

'gix) 



u{x) = exp 



ip{x)], v{y) = exp{-ip{y)), w{z) = exp (gsiz) - ip{z)), 



to get 



j exp(5(/t)(i/i^^ < j exp{gs)dfi^. 



The differentiation of the norm gives the entropy, and thanks to a Taylor's formula we get 

(^J exp{g/t)dfi^^ = J e9d//^ + sEnt^^(ef) + 0(s2). 
Then applying Lemma 12.31 and inequality dS]) yield 



exp{gs)dfi^ 



y"eV^ + sj{z- Vgiz) - ¥^*(V(/j(z)) + ^*(V(/p(z) - V giz))}e3^'U^i^iz) + 0(i 
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When s goes to 0, inequality Q arises and can be extended for all smooth enough functions g. > 

Note that hypothesis ([8]) is satisfied by a large class of convex functions. For example if (p{x) = 
||x||^/2 + (n/2) log(27r) we obtain the classical logarithmic Sobolev of Gross for the canonical Gaus- 
sian measure on M", with the optimal constant. 

2.2 Remarks and examples 

In the next corollary we recall a classical result of perturbation. If $ is a function on R" such that 
/ e^^dx < oo we note the probability measure ^$ by 

djjL^ix) = — - — dx, (12) 



where Z$ = j e ^^^^dx- 

Corollary 2.4 Assume that ip satisfies conditions of Theorem \2.1[ Let ^ = f + U , where U is a 
bounded function on and denote by fi^ the measure defined by (I12p . 
Then for all smooth enough functions g on M", one has 

Ent^Je^) < e2''-(^) J {x ■ Vg{x) - (/p*(Vv?(x)) + (^*(V<^(x) - V g{x))}e^^-) d^l^{x), (13) 

where osc{U) = sup(C/) — inf(C/). 



Proof 

< First we observe that 



dp,^p 

Moreover we have for all probability measures v on M", 



osc(C/) < ^ < gOsc((7)_ ^^4^ 



Entj.(e5) = inf |y {e^ _ + . 



Using the fact that for all x, a > 0, x log | — x + a ^ 0, we get 

e"°^<^)Ent^Jef) < Ent^Je^) < e^^^^^Ent^ Je^) 
Then if 5 a smooth enough function on M" we have 
Ent^Je^) < e°^<^)Ent^Je3) 



< e°^<^) j {x ■ Vg{x) - f*{V^{x)) + (^*(V<^(x) - Vg{x))}e3^''^dfi^{x). 

The convexity of ip* M" and th relation \/p*{\/p{x)) = x lead to 

Vx EM", X- Vg{x) - ip*{Vip{x)) + 9J*(Vv5(x) - Vg{x)) ^ 0. 
Finally by ([H]) we get 

Ent^Jef) < e2°-(^) J {x ■ Vg{x) - p*{Vp{x)) + p*{Vip{x) - Vg{x))}e'^dti^. 
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Remark 2.5 It is not necessary to state a tensorization result, as we may obtain exactly the same 
expression when computing directly with a product measure. 

Theorem 12.11 implies also examples given in |BL00j and |BZ05j . 

Corollary 2.6 ([ BLOO] ) Let p ^ 2 and let ^{x) = \\x\\^/p where \\-\\ is Euclidean norm in M". 
Then there exists c > 0, such that for all smooth enough functions g, 

Ent^Je^) <c j llV^fe^d/i.^., (15) 

where 1/p + 1/q = 1 and is defined on (fT2|). 
Proof 

<l Using Theorem 12. H we just have to prove that there exists c > such that, 
Vx, y G M", x-y- $*(V$(x)) + $*(V$(x) - y) < c||yf . 
Assume that y ^ and define the function ■0 by, 

X ■ y - ^*(V^(x)) + <^*(V<^(x) - y) 

\\y\\ 

Then -0 is a bounded function. We know that <I>*(x) = Choosing z = x\\x\\^^'^ / \\y\\ and 

denoting e = y/||y||, we obtain 

ip{x, y) = -0(2;, e) = z ■ e||z||''^^ INH'^H — ll-^ — ell"^. 

Taylor's formula then yields tp(z,e) = 0{\\z\\'^^'^). But p ^ 2 implies that g < 2, so that ■0 is a 
bounded function. We then get the result with c = supip = supip. > 

Optimal transportation is also used by Cordero-Erausquin, Gangbo and Houdre in [CEGH04] to 
prove the particular case of the inequality ([13]) . 

In Proposition 2.1 of [BLOOj . Bobkov and Ledoux prove that the Prekopa-Leindler inequality implies 
Brascamp-Lieb inequality. In our case. Theorem 12.11 also implies Brascamp-Lieb inequality, as we 
can see in the next corollary. 

Corollary 2.7 Let ip satisfying conditions of Theorem \2.1{ Then for all smooth enough functions 
9 we get, 

Var^^(5() < j Wg ■ Hess{ipy^Wgdfi^, 

where Hess{ip)~^ denote the inverse of the Hessian of ip. 
Proof 

<\ Assume that g is a, C°° function with a compact support and apply inequality ([9]) with the 
function eg where e > 0. Taylor's formula gives 



2 



Ent. (expeg) = — Var^ (51) + o(e 



2^ 



and 



{x ■ \/g{x) - tf*{Vif{x)) + (p*{Vip{x) - \/g{x))}e^x)dfi^{x) = 

r g2 

/ -Vg ■ Ress{^*){Vv)S7gdfi^ + o{e^). 
Because of Vip*{V(p{x)) = x, one has Hess(93*)(V(/j) = Hess((/7)~^ which finished the proof. > 
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Remark 2.8 Let (p satisfying the conditions of Theorem \2.1[ and L he defined by 

Mx, y G M", L{x, y) = Lp{y) - ip{x) + {y - x) ■ Vip{x). 

The convexity of ip implies that L{x,y) ^ for all x, y G M". Let F be a density of probability with 
respect to the measure fj,^, we defined the following Wasserstein distance with the cost function L 
by 

WL{Fdfi^,dfi^) =mf |y L{x,y)dTT{x,y)^ , 

where the infimum is taken over all probability measures tt on x M" with marginal distributions 
FdfjL^p and dfi^p. Bobkov and Ledoux proved in JBLO^ the following transportation inequality 

WLiFdfi^, dfi^) < Ent^,^(F) . (16) 

The main result of Otto and Villani in JOVOOi/ is the following: Classical logarithmic Sobolev in- 
equality of Gross (when (p{x) = ||x||^/2 + (n/2) log(27r)J implies the transportation inequality (fT6]l 
for all functions F , density of probability with respect to fi^ (see also IBGLOl^ for an another proof ) . 
The method developed in \BGL01^ . enables to extend the property for (p{x) = \\x\\^ + (p ^ 2). In 
the general case, inequality proved in this article, we do not know if the modified logarithmic Sobolev 
inequality ^ implies transportation inequality ()16p . 



3 Applications 

3.1 Application to modified logarithmic Sobolev inequalities 

In [GGMOSl IGGM07] , a modified logarithmic Sobolev inequality for measm'e fi^p on M is given with 
a potential between |x| and x^. More precisely let ^ he a function on the real line and assume that 
$ is even and satisfies the following property: there exist M ^ and < e < 1/2 such that, 

\fx^M, (l+e)^>(x) <x$'(x) < (2-e)$(x). (H) 

Then there exist A,B,D>0 such that for all smooth functions g we have 

Ent^Je^) <aJ H^{g')e^dfi^, (17) 

where 

<^*{Bx) if |x| ^ D, 



„2 



if Ixl < D, 



and is defined on (fT^ . 

The proof of inequality (jl7p is rather technical and is divided in two parts: the large and the small 
entropy. Using Theorem 12.11 one obtains two results in this direction. In the next theorem, we 
extend (I17p in the case where the potential is "bigger" than x^. 



Theorem 3.1 Let ip be a real function satisfying conditions of Theorem \2.1\ Assume that ip> is 
even, V'(O) = 0, ip" in decreasing on \ — oo,0] and increasing on [0, +oo[ and satisfies, 

Vx G M, ip"{x) ^ ip"{0) = X>0 and lim (/?"(x) = oo. (18) 

|a;|^oo 

Assume also that there exists A > 1 such that for \x\ ^ C for some C > 0, 

Aip{x) < x(/9'(x). (19) 
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Then there exists C > such that for all smooth enough functions g, 

Ent^Je^) < J H^{g')e3dfi^, (20) 



where 

— if \x\ < C. 



(21) 



The proof of this theorem is a straightforward apphcation of the following lemma: 
Lemma 3.2 Assume that ip satisfies conditions of Theorem \3.1[ then we get 

Vx,y€M, xy-^*{^'{x)) + ip*{^'{x)-y)<H^{y). (22) 

Proof 

<\ We know that for all x G M", x = 'p* {ip'{x)), and the convexity of (p* yields 

xy - p*{p'{x)) + ^*{p'{x) -y)< y(p*'{p'{x)) - p*'{p'{x) - y)). (23) 

Let y G M be fixed and notes i)y{x) = p*' {x + y) — p*' {x). The function p is convex, so one gets 
for all X G M, {ip' {x))(p" {x) = 1, and the maximum of il^y{x) is reached on xq G M which satisfies 
the condition p* (xq) = (p* (xq + y)- Since p is even, p" is decreasing on ] — oo,0] and increasing 
on ] — oo, 0] one get that xq + y = —xq. Then one obtains 

VyGM, VxGM, p*' {x + y) - p*' (x) < 2p*' (Jj , 
VyGM, VxGM, xy - p* {p' (x)) + p* {p' {x) - y) < y2p*' (^^y 

By one gets 

y\y\>C, VxGM, xy-^*{p'{x))+^*{ip'{x)-y)<^^p*(J). (24) 
A Taylor's formula then leads to 

Vx,yGM, xy-p*{p'{x))+p*{p'{x)-y) < t-^*" {p'{x) - Oy) < 
for some 6 G (0, 1), and one gets (p^ . [> 



Remark 3.3 • The last theorem improved the classical consequence of Bakry- Emery criterion 
for the logarithmic Sobolev inequality. In fact when a probability measure is more log-concave 
than the Gaussian measure, we obtain a modified logarithmic Sobolev inequality sharper than 
the classical inequality of Gross. Using a such inequality then one obtains concentration in- 
equality which is more adapted to the probability measure studied. 

• Theorem \3.1\ is more precise than Gorollary \2.6\ proved by Bobkov, Ledoux and Zegarlinski in 
WLOO[ \BZ05i . The particularity of the function H^p defined on (pT|) is its behaviour around 
the origin. One can obtain easily that if a probability measure satisfies inequality ()20p then it 
satisfies a Poincare inequality with constant 1/A. 

• Note also that this method can not be applied for measures with a concentration between e~l^' 
and e~^ described in IGGMOSj GGMOI^ . In particular Lemma \3.S\ is false in this case. 
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• Note finally that the condition (|19|) is a technical condition, satisfied for a large class of 
functions. 

A natural application of Theorem 13.11 is a concentration inequality in the spirit of Talagrand, 
see |Tal95!. 

Corollary 3.4 Assume that ip satisfies conditions of Theorem V3.l\ and there exists B > 1 such that 
for \x\ large enough, 

xip'{x) < B<f{x). (25) 

Then there exists constants Ci,C2,C3 ^ 0, independent of n such that: if F is a function on M" 
such that Mi, \\diF\\ < 1, then we get for A > 0, 



2exp ( -nCi^f C2- I ) if\>nC^, 

) (26) 
2expf-Ci— j i/0<A<nC73. 



Proof 

< Using the additional hypothesis (|25p . the proof of (|26|) is the same as for Proposition 3.2 
of[GGMQ7]. > 

A n-dimensional version of (1201) is also available. 



Proposition 3.5 Let^ be aC^, strictly convex and even function on and satisfying ([7]) and ([8]). 
Assume also that $ ^ and ^(0) = (it implies that is the unique minimum of 



lim sup < 



1—a 



and also that there exists ^ > such that 

VxGM", X ■V<^{x) < {A + 1)<^{x). (28) 

Then there exist Ci, C2, C3 ^ such that for all smooth enough functions g such that J e^d^^ = Iwe 
get 

Ent^Je^^) < Ci y <^*{C2Vg)e9dfi^ + C3. (29) 

Proof 

< Let apply Theorem 12.11 with 99 = $ + log , one has 

Ent^^(e^') < j {x- V5(x) - $*(V$(x)) + $*(V«>(x) - V g{x))}eH^xq>. 
The convexity of <1>* implies, for all a € [0, 1[, 

VxeM", $*(V$(x) - V5(a;)) < (1 -a)$*f^^^ +a«>*f^^^y (30) 



1 — a J \ a 

Recall that is also an even function. Young's inequality implies that 

VxeM", x.^<cl>(x) + cl>*f^y (31) 
a \ a I 
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Using dSU]) and §B) we get 

'V5 



Ent^Jef) <2a / ^ 



a 



We have $*(V$(a;)) = x ■ V^{x) - ^{x), then inequahty ([28]) imphes that $*(V$(x)) < A^{x). 
Because of $(0) =0 one has <i>* ^ 0, so that 

Ent^^(ef)<a j dfi^ + a j ^* {^^e^dn^ + {a + A\^{a) - l\) j ^e^d//^, 

where 

iI^{q) = sup < 
Let A > 0, recaU that j e^dfi^ = 1 then yields 

j $e3d/i$ < A (^Ent^^ (e^) + log j e^'^dfji^ . 

One has lim log / e^^'^dfj,^ = 0. Let then let now choose A large enough so that log J e^/^dn^ < 1. 
Using the property (f27|) . taking a such that (a + A\ijj{a) — 1|)A < 1/2 implies 

Ent^Je^) <2aJ cD* (^^^ e^d/i^ + l(Ent^Je5) + 1), 



1— a 



(1-a) / >. (32) 



which gives 



Ent^,, (ef ) < 4a ^ (^^^ e^d/i* + 1/2. 



The main difference between the inequality obtained and the modified logarithmic inequality pop 
is that we do not have equality if / = 1. Then ([29]) is called a no tight inequality and it is more 
difficult to obtain. 

3.2 Application to Euclidean logarithmic Sobolev inequality 

Theorem 3.6 Assume that the function ip satisfies conditions of Theorem \2.1[ Then for all X > 
and for all smooth enough functions g on M", 

Entrf^(e») < -nlog(Ae) j eUx + j ip*{-XVg)e<^dx. (33) 

This inequality is optimal in the sense that if g = —fix — x) with x G and X = 1 we get an 
equality. 

Proof 

< Integrating by parts in the second term of ([9]) yields for all g smooth enough 

X ■ Vg{x)e^'^''Ufi^{x) = / (-n + x ■ V(p{x))e'^^''Ufi^{x). 
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Then using the equahty ip*i^'^) = x ■ Vip{x) — ip{x) we get for all smooth enough functions g, 

EnV^(e9)< j i-n + ^ + ^*{V^-Vg))e9dfi^, 
Let now take g = f + ip to obtain 

Entdx(e^) < j i-n + ^*i-Vg))e^dx. 
Finally, let A > and take f{x) = g{\x), we get then 

Entd^(e^) < -nlog(Ae) j eHx + j Lp*{-\Vg)eUx, 



which proves (i33]) . 

If now g = —ip{x — x) with x £ M" an easy computation proves that if A = 1 the equality holds. > 

In the inequality psp . there exists an optimal Aq > and when C is homogeneous, we can im- 
prove the last result. We find an inequality called Euclidean logarithmic Sobolev inequality which is 
explained on the next corollary. 

Corollary 3.7 Let C be a strictly convex function on R" satisfying condition of Theorem \2. 1\ and 
assume that C is q-homogeneous for some q > 1, 

VA > and Vx G M", C{Xx) = A«C(j;). 

Then for all smooth enough functions g in M" we get 

, r,. n f „ ( p f C*{-Vg)e9dx\ , , 

Entd^fe^ < - / eUxlog ^ — \ , 34 

^ '~VJ yneP-^CPl'' Je9dx J' ^ ^ 

where C = f e~'-"dx and l/p + 1/q = 1. 

Proof 

< Let apply Theorem 13.61 with ip = C + logC. Then (p satisfies conditions of Theorem 13.61 and we 
get then 

Entd^(e») < -nlog (^Ae^C^/") j eHx + j C*{-\Vg)eHx. 

Due to the fact that C is g-homogeneous an easy computation proves that C* is p-homogeneous 
where l/p + 1/q = 1. An optimization over A > gives inequality (I34p . t> 



Remark 3.8 Inequality (I34p is useful to prove regularity properties as hypercontractivity for non- 
linear diffusion as the p-Laplacian, see IDPDG04^ . The function C is then adapted to the nonlinear 
diffusion studied. 

Inequality ()34p is called Euclidean logarithmic Sobolev inequality and computations of this section 
is the generalization of the work of Carlen in [CarQlj . This inequality with p = 2, appears in the 
work of Weissler in [Wei78] . It was discussed and extended to this last version in many articles see 
|Bec99l [DPD031 IGen03l [A.GK04j . 

Remark 3.9 As explained in the introduction, computation used in Corollary |^. 7| clearly proves 
that inequality (I34p is equivalent to inequality (I33p . Agueh, Ghoussouh and Kang, in I A GK04^ , used 
Monge-Kantorovich theory for mass transport to prove inequalities (|33p and (j34p . Their approach 
gives another way to establish Theorem \2.1[ 

Note finally that inequality (j34p is optimal, extremal functions are given by g{x) = —hC{x — x), with 
X € M" and b > 0. If they are only ones is still an open question. 

Acknowledgments: I would like to warmly thank referee for pointed out errors in the first version. 
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